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============

A concise approach to the concept of affinity and convexity is as follows. Let $\documentclass[12pt]{minimal}
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                \begin{document}$P_{1},\ldots,P_{m}\in\mathbb{X}$\end{document}$ be points, and let $\documentclass[12pt]{minimal}
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                \begin{document}$\mathcal{S}=\operatorname{aff}\mathcal{S}$\end{document}$. Using the adjective convex instead of affine, and the prefix conv instead of aff, we obtain the characterization of the convex set.
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Throughout the paper, we use the *n*-dimensional space $\documentclass[12pt]{minimal}
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Convex functions on the simplex {#Sec2}
===============================

The section is a review of the known results on the Hermite-Hadamard inequality for simplices, and it refers to its generic background. The main notification is concentrated in Lemma [2.1](#FPar1){ref-type="sec"}, which is also the generalization of the Hermite-Hadamard inequality.
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The analytic presentation of points of an *n*-simplex $\documentclass[12pt]{minimal}
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The point *A* can be uniquely represented as the convex combination of the vertices $\documentclass[12pt]{minimal}
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We consider a convex function *f* defined on the *n*-simplex $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mathcal {A}=A_{1}\cdots A_{n+1}$\end{document}$. The following lemma presents a basic inequality for a convex function on the simplex, and it refers to the connection of the simplex barycenter with simplex vertices.

Lemma 2.1 {#FPar1}
---------
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Proof {#FPar2}
-----

We have three cases depending on the position of the *μ*-barycenter *A* within the simplex $\documentclass[12pt]{minimal}
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The discrete version of Lemma [2.1](#FPar1){ref-type="sec"} contributes to the Jensen inequality on the simplex.
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Proof {#FPar4}
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One of the most influential results of the theory of convex functions is the Jensen inequality (see \[[@CR7]\] and \[[@CR8]\]), and among the most beautiful results is certainly the Hermite-Hadamard inequality (see \[[@CR9]\] and \[[@CR10]\]). A significant generalization of the Jensen inequality for multivariate convex functions can be found in \[[@CR1]\]. Improvements of the Hermite-Hadamard inequality for univariate convex functions were obtained in \[[@CR11]\]. As for the Hermite-Hadamard inequality for multivariate convex functions, one may refer to \[[@CR2], [@CR4], [@CR5], [@CR12]--[@CR16]\], and \[[@CR17]\].

Main results {#Sec3}
============
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Lemma 3.1 {#FPar5}
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Proof {#FPar6}
-----
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The second statement, relating to the non-peaked simplex $\documentclass[12pt]{minimal}
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Corollary 3.3 {#FPar9}
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Theorem 3.4 {#FPar10}
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The inequality in formula ([30](#Equ30){ref-type=""}) excepting the second term was obtained in \[[@CR2]\], Theorem 2. Similar inequalities concerning the standard *n*-simplex were obtained in \[[@CR5], [@CR6]\] and \[[@CR18]\]. Special refinements of the left and right-hand side of the Hermite-Hadamard inequality were recently obtained in \[[@CR19]\] and \[[@CR20]\].

Generalization to the function barycenter {#Sec4}
=========================================
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Utilizing the function barycenter instead of the set barycenter, we have the following reformulation of Lemma [2.1](#FPar1){ref-type="sec"}.

Lemma 4.1 {#FPar12}
---------
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The proof of Lemma [2.1](#FPar1){ref-type="sec"} can be employed as the proof of Lemma [4.1](#FPar12){ref-type="sec"} by using the measure *ν* in formula ([32](#Equ32){ref-type=""}) or by utilizing the affinity of the hyperplanes $\documentclass[12pt]{minimal}
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Lemma [4.1](#FPar12){ref-type="sec"} is an extension of the Fejér inequality (see \[[@CR21]\]) to multivariable convex functions. As regards univariable convex functions, using the Lebesgue measure on $\documentclass[12pt]{minimal}
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Corollary 4.2 {#FPar13}
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Theorem 4.3 {#FPar14}
-----------
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Proof {#FPar15}
-----

The first step of the proof is to apply Lemma [4.1](#FPar12){ref-type="sec"} to the functions *f* and $\documentclass[12pt]{minimal}
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